We construct a model space C(sp(R 2n )) for the variety of Abelian simply transitive groups of affine transformations of type Sp(R 2n ). The model is stratified and its principal stratum is a Zariski-open subbundle of a natural vector bundle over the Grassmannian of Lagrangian subspaces in R 2n . Next we show that every flat special Kähler manifold may be constructed locally from a holomorphic function whose third derivatives satisfy some algebraic constraint. In particular global models for flat special Kähler manifolds with constant cubic form correspond to a subvariety of C(sp(R 2n )).
Introduction
Affine groups acting simply transitively on real affine space have been much studied in the literature. (See e.g. the seminal paper [A] , or [S] for a different point of view.) In this paper we study the case of Abelian groups which act by symplectic transformations.
Our interest is to describe the properties of the algebraic variety of simply transitive Abelian affine groups of symplectic type. By doing so, we solve the classification problem for these groups up to a linear action on a well understood algebraic space. In general, Abelian simply transitive groups of affine motions are classified only in low dimensions.
(See [DO] for some recent contribution to this problem.) Let us further remark that the algebraic variety of Abelian simply transitive affine groups enters in the description of the deformation spaces for complete affine tori. (See [B] for an introduction to this subject).
The other subject of this paper is flat special Kähler geometry. Special Kähler geometry is a particular type of geometry which arises in certain supersymmetric field theories, see e.g. [F] and the literature cited therein. It was proven in [ACD] that any simply connected special Kähler manifold of complex dimension n can be canonically immersed into T * C n = T * R n ⊗ C as a totally complex Lagrangian submanifold inheriting the special
Kähler structure from standard data on T * C n . Any such embedding is locally defined by a holomorphic function F in n variables satisfying a suitable nondegeneracy condition. In this way one constructs nonflat, and a fortiori nontrivial, special Kähler manifolds from, essentially, freely specifiable holomorphic functions. In this paper we are concerned with the existence and construction of flat special Kähler manifolds.
We show that in the presence of a positive definite metric, there is up to equivalence only one local model, the trivial model , for flat special Kähler geometry. In the pseudoRiemannian case, however, nonequivalent flat special Kähler manifolds exist in abundance and we show that all these manifolds arise locally from certain potentials. The result shows also that there is a close structural similarity between flat special Kähler manifolds and Frobenius manifolds. As an application we construct and classify examples of flat special Kähler manifolds which arise from certain simply transitive groups of affine transformations.
Statement of main results and outline of the paper The set of simply transitive
Abelian groups which act affinely on a vector space V with linear part in a prescribed linear Lie group G ⊂ GL(V ) constitutes in a natural way a real affine variety. To explain this we show that this set corresponds to the solutions C(g) of a system of linear and quadratic equations in the first prolongation
Our guiding principle is that we want not only to write down the equations defining this variety, namely, C(g) = {S ∈ g (1) | tr S X = 0 and [S X , S Y ] = 0 for all X, Y ∈ V } but want also to solve them by some explicit construction. This is carried out in section 3.
We need to introduce some notation to explain our result for g = sp(V ). Let V be a vector space with a nondegenerate alternating product ω, dim V = 2n. A subspace U of V is called Lagrangian if U is maximally isotropic with respect to ω. For S ∈ g (1) we define the support of S by
The variety C(sp(V )) is naturally stratified by the dimension of the support. The symplectic form ω allows the identification of S 3 V with a subspace of V * ⊗ V * ⊗ V and a corresponding notion of support for elements of S 3 V . For a subspace W ⊂ V we define
The first result is (compare Theorem 9): In particular, every such group contains an n-dimensional subgroup of translations.
Let us turn now to the second part of our article which starts in section 4. A special
Kähler manifold is a (possibly indefinite) Kähler manifold (M, J, g) endowed with a flat torsionfree connection ∇ such that ∇J is symmetric and ∇ω = 0, where ω = g(·, J·) is the symplectic (Kähler) form [F] . Any such manifold has complex signature (m, m), m = dim C U.
2 Abelian simply transitive affine groups and first prolongations Let V be a real vector space and G ⊂ GL(V ) any Lie subgroup. We denote by 
we will consider almost simply transitive groups, i.e. groups for which ϕ is an immersion. The corresponding Lie subalgebras h = Lie H ⊂ aff g (V ) are almost simply transitive. This means that the linear map φ : h ∋ X → X0 ∈ V is an isomorphism. In fact, this map is the differential of the orbit map ϕ, which is an immersion since H is almost simply transitive. The Lie algebras of simply transitive groups satisfy a stronger condition. They are simply transitive, which means that for all v ∈ V the linear map Let us denote by A ′ (G) (respectively A ′ (g)) the set of Abelian almost simply transitive affine groups of type G (respectively the set of Abelian almost simply transitive affine Lie algebras of type g). The subsets consisting of simply transitive groups and Lie algebras are denoted by A(G) and A(g), respectively. Note that by the previous proposition we
Let ι : h ֒→ aff g (V ) be the canonical inclusion map associated to a Lie algebra
where φ is the differential of the orbit map ϕ : H ∋ h → h0 ∈ V at the identity. We remark that, since h is assumed to be an Abelian Lie algebra, that ρ :
in fact a homomorphism of Lie Algebras.
The affine Lie algebra aff g (V ) = g + V is the semidirect sum of the linear Lie algebra g and the ideal V of infinitesimal translations. We denote an element of this semidirect sum as a pair (S, t) , where S ∈ g is the linear part and t ∈ V the translational part. In particular we can write the monomorphism ρ = ρ h in the form
where S : V → g and t : V → V are linear maps.
to an Abelian almost simply transitive affine Lie algebra of type g. Then t = id V and
Conversely, any S ∈ V * ⊗ g satisfying (i) and (ii) defines a monomorphism ρ = (S, id V ) :
onto an Abelian almost simply transitive affine Lie algebra h = ρ(V ) of type g. h is simply transitive if and only if
Proof: Let us first check that t = id V . This follows from
is a homomorphism of Lie algebras.
Now we show that (iii) is equivalent to the image of ρ being a simply transitive Lie algebra. Let us first assume that h = ρ(V ) is a simply transitive Lie algebra. Let H be the corresponding simply transitive subgroup of Aff(V). For h ∈ H we consider the Jordan-decomposition h = h s h u inside the real linear algebraic group Aff(V). Since H is Abelian, T = {h s | h ∈ H} is a group of semisimple operators which centralizes H. By semi-simplicity T has a fixed point on V . But since T centralizes the transitive group H it must be trivial. Therefore H is unipotent, and in particular the linear parts of the elements of H are unipotent. This implies (iii).
Conversely, we prove that (i)-(iii) implies that h is simply transitive. We have to show
it is sufficient to prove that the map We recall [K] that the first prolongation of a Lie algebra g ⊂ V * ⊗ V is defined as
Note that the equation (i) says that S is an element of g (1) . We denote by C ′ (g) ⊂ g
( 1) the cone defined by the system (ii) of homogeneous quadratic equations. It is an affine real algebraic variety. The condition (iii) defines a Zariski closed subset
0 , where g 0 = {A ∈ g | tr A = 0}.
Theorem 6
The correspondence H → S, where S ∈ g (1) is the linear part of ρ h , induces 
Proof: This follows essentially from Proposition 2. We check the formula for the G-action
. From the definition of g·S it follows that the homomorphism ((g·S), id V ) has the same image as
namely the conjugated Lie subalgebra Ad g (h) = ghg −1 ⊂ aff g (V ). This shows that
Now we specialize to the unimodular case, i.e. we assume that G ⊂ SL(V ).
Corollary 2 An Abelian almost simply transitive affine group H of of type SL(V ) is simply transitive. In particular,
Proof: This is a direct consequence of Proposition 2.
In the following section we specialize our discussion to the case where G preserves a (possibly indefinite) scalar product or a symplectic form on V .
3 The orthogonal and symplectic cases Proof: By Theorem 6 we know that A(G) ⊂ g (1) ⊂ so(V ) (1) . Now the theorem follows from the fact that so(V ) (1) = 0.
Let now V be a symplectic vector space. The symplectic case is more interesting since the first prolongation of the symplectic Lie algebra is nontrivial. In fact, using the symplectic form ω on V we identify V with V * via v → ωv := ω(v, ·). This induces identifications of the Lie algebra sp(V ) with the symmetric square S 2 V * and of its first prolongation with the symmetric cube S 3 V * , since
Explicitly, the identification of S ∈ sp(V ) (1) with a totally symmetric trilinear form is given by (X, Y, Z) → ω(S X Y, Z). Notice that S 3 V * is also the vector space of homogeneous cubic polynomials on V . The preceding discussion together with Corollary 2 establishes therefore the following theorem.
Theorem 8
The correspondence H → S of Theorem 6 identifies A(Sp(V )) with a quadratic cone C(sp(V )) in the vector space of cubic forms S 3 V * .
In the following we identify of S 3 V * with S 3 V by means of ω. Next we want to give an explicit construction of the solutions of the quadratic equations defining the affine variety
We recall that the group G acts by conjugation on A(g). By Theorem 6, under the identification A(g) = C(g) ֒→ g (1) , this action is induced by the natural linear action on g (1) . In the case of G = Sp(V ) this is the standard representation on
We are also interested in the orbit spaceĀ(g) := A(g)/G, which is the space of conjugacy classes of Abelian simply transitive affine Lie algebras of type G. We
Theorem 9 Let U ⊂ V be a Lagrangian subspace of a symplectic vector space V . Any
where the union is over all Lagrangian subspaces U ⊂ V .
is an Abelian subalgebra of linear operators. Now let S ∈ C(sp(V )). We have to show that there exists a Lagrangian subspace U ⊂ V such that S ∈ S 3 U. We prove first that the support
of S is isotropic. This implies Σ S ⊂ U for some Lagrangian subspace U ∈ V . It is sufficient to check that S 2 X = 0 for all X ∈ V . In fact, by polarization this implies S X S Y = 0 for all X, Y ∈ V and hence
The claim that S 2 X = 0 follows from the next computation.
Now the theorem follows from the next lemma.
Proof: We consider S ∈ S 3 V * . The kernel of S is ker S = {X ∈ V | S(X, V, V ) = 0}.
For a subspace W ⊂ V we denote W ⊥ its orthogonal complement with respect to ω, and
But for any subspace V 1 ⊂ V the condition V 1 ⊂ ker S is easily seen to be equivalent to S ∈ S 3 V ∧ 1 . In our case this amounts to S ∈ S 3 (V ⊥ 0 ) ∧ . But under the identification of V * and V via ω this means S ∈ S 3 V 0 .
Let us also prove the fact that V 1 ⊂ ker S implies S ∈ S 3 V ∧ 1 . Let V 2 be any complement of V 1 in V . We consider the decomposition
we see that
equality holds for the two inclusions.
For Lie subgroups of the symplectic group we obtain:
Now we study more closely the cone C(sp(V )). Let us define
For any isotropic subspace W ⊂ V we define
We denote the Grassmannian of isotropic subspaces
Theorem 10 The cone C(sp(V )) has a stratification:
is a Zariski open subbundle of the vector bundle
preserves the stratification and we have the following identification of orbit spaces:
where W ⊂ V is a fixed k-dimensional isotropic subspace.
Proof: It is clear that
It follows from Theorem 9 that the support Σ S of any S ∈ C(sp(V )) is isotropic. This implies (3.3) and, in particular, that C(sp(V )) k = ∅ for all k > n. For the identification of orbit spaces it is sufficient to remark that two cubic forms S and S ′ with isotropic support W are related by an element of Sp(V ) if and only if they are equivalent under GL(W ). In fact, since W is isotropic, any element of GL(W ) can be extended to an element of Sp(V ), which preserves W . Conversely, any element of Sp(V ) which maps S to S ′ has to preserve W = Σ S = Σ S ′ and, hence, induces an element of GL(W ), which maps S to S ′ .
Corollary 4 Let H ⊂ Aff(R 2n ) be an Abelian simply transitive affine group of symplectic type, S ∈ S 3 V the cubic form defined by H. Then the subgroup of translations in H is
Proof: The subgroup of translations in H is the kernel of the map X → S X which coincides with the kernel of S as an element of S 3 V * . Since this is precisely the orthogonal complement of Σ S with respect to ω, the dimension is 2n−k. Since Σ S is isotropic, k ≤ n. Let us recall now some known results on special Kähler manifolds which relate to flatness. It was proven in [BC] that any simply connected special Kähler manifold (M, g, J, ∇) of complex dimension n can be canonically immersed into R 2n+1 as a parabolic affine hypersphere with Blaschke metric g and affine connection ∇. We recall the following classical theorem of Calabi and Pogorelov [Ca] .
Theorem 11 If the Blaschke metric g of a parabolic affine hypersphere M is definite and complete, then M is affinely congruent to the paraboloid
In particular, g is flat.
This implies:
Theorem 12 Any special Kähler manifold (M, g, J, ∇) with a definite and complete metric g is trivial.
Proof: By [BC] , the universal covering is immersed as an affine hypersphere, which by Theorem 11 is a paraboloid. This implies that ∇ = D is the Levi-Civita connection and
Lu [L] proved that any special Kähler manifold (M, g, J, ∇) with a definite and complete metric g is flat. Completeness is a very strong global assumption. Flatness on the other hand is a strong local assumption. If the metric is definite the following rigidity result holds:
Theorem 13 Any special Kähler manifold (M, g, J, ∇) with a definite and flat metric is trivial.
A proof will be given in the next section. But let us remark that by the immersion theorem mentioned above Theorem 13 may also be read off from the classification of affine hyperspheres with flat and definite Blaschke metric [VLS] . If the metric is not definite Theorem 13 does not hold. We will show that nontrivial flat indefinite special
Kähler manifolds exist and give a local characterization of such manifolds in section 6.
The variety C J (sp(V ))
Let (M, g, J, ∇) be a flat special Kähler manifold. We are interested in the local properties of M, and since (M, g, J) is a flat Kähler-manifold we may as well consider M as ball in a standard Hermitian vectors space (V, J, g). The symplectic connection ∇ may be expressed as ∇ = D + S, where S is a one-form on M with values in sp(V ). We can think of it as a map S :
Proposition 4 The tensor field S satisfies the following conditions
Conversely, any tensor field satisfying (i-iv) defines a flat special Kähler manifold (M, g, J, D+ S).
Notice that (i-ii) say that S has values in the cone C(sp(V )).
Proof: The first condition is equivalent to the vanishing of the torsion of ∇. We claim that the Levi-Civita connection can be expressed as:
The right-hand side is a torsionfree connection, by the symmetry of ∇J. Moreover it preserves J and hence the metric g = ω(·, J·):
For the last equation we have used that J 2 = −id implies
This proves the formula for the Levi-Civita connection, which we can restate as:
From (5.3) and (5.2) we conclude (iv). The remaining equations follow from the flatness of ∇, as we will show now. We compute the curvature R ∇ of ∇:
Here we have used that D is flat, i.e. Conversely, let S be a tensor field satisfying (i-iv). Then ∇ = D + S is a symplectic torsionfree (i) and by the formula above flat (ii-iii) connection. It only remains to check the symmetry of ∇J. For this we have to compute ∇J in terms of S arriving again at (5.3):
Now the symmetry of S implies that of ∇J.
The previous proposition shows that it is important to understand the following closed conical subvariety of sp(V ) (1) = S 3 V : Now it is easy to prove Theorem 13.
Proof: (of Theorem 13) The fundamental tensor field S = ∇ − D associated to a flat special Kähler manifold has values in C J (sp(V )). We claim that C J (sp(V )) = 0 if the metric g is definite. This implies the theorem. By the previous lemma, the support Σ S of any S ∈ C J (sp(V )) is g-isotropic and therefore Σ S = 0 if the metric is definite.
Next we want to describe C J (sp(V )) for arbitrary signature of the metric. For this it it convenient to complexify V . We obtain
where V 1,0 and V 0,1 are the ±i-eigenspaces of (the complex linear extension of) J. The symplectic form ω extends to a complex symplectic form (again denoted by ω) on V C , for which the decomposition (5.5) is Lagrangian. We have a corresponding type decomposition of the third symmetric power: 
Proof: If S ∈ C J (sp(V )) condition i) is satisfied by Lemma 2. To show ii) we consider (see
We consider the induced dual decomposition
The condition that S X and J anticommute is expressed by the condition S(JX, Y, Z) = S(X, JY, Z) = S(X, Y, JZ), for all X, Y, Z ∈ V . This is equivalent to
Under the identification via ω this amounts to
ρ is the fixed point set of ρ. Since ρ interchanges S 3,0 V and S 0,3 V , ii) holds. For the converse, we note that condition i) implies (see Lemma 1) that S ∈ C(sp(V )). We just saw that condition ii) implies that S X and J anticommute. Therefore i) and ii) imply S ∈ C J (sp(V )).
We compute now the support Σ Sc . As in the proof of Lemma 1,
, and correspondingly we get Σ Sc ⊂ V 0,1 . Since
Let W be a J-invariant isotropic subspace of V . Let us put
The previous lemma implies the following theorem.
Theorem 14
where the union is over all isotropic complex subspaces U ⊂ V of maximal dimension.
Now we study more closely the cone C J (sp(V )). Let us define
We denote the Grassmannian of complex isotropic subspaces W ⊂ V of complex dimen-
be the universal (tautological) holomorphic vector bundle.
Theorem 15
The cone C J (sp(V )) has a stratification:
where the number N ≤ n/2 is the maximal complex dimension of an isotropic complex 
where W ⊂ V is a fixed complex k-dimensional isotropic subspace.
Proof: This follows from Theorem 10 and Theorem 14, taking under consideration the
6 Local characterization of flat special special Kähler manifolds Now we derive classification results for indefinite special Kähler manifolds. As before, let (V, J, g) be a standard (pseudo-) Hermitian vector space of complex signature (p, q),
defined by the third derivatives of the function h = 8(f + f) with respect to the flat torsionfree symplectic (and metric) connection D. This is similar to the type of structure one encounters in the theory of Frobenius manifolds, see e.g. [D] . In that theory one also has a cubic tensor field S, which is a section of S 3 T * M and is identified with a commutative and associative multiplication by means of an isomorphism
However, the isomorphism is given by a flat metric, whereas in our case we use the symplectic structure. In both cases S is potential with respect to a flat torsionfree connection compatible with the identification T * M ∼ = T M. By the c-map, see [ACD] and references therein, we can associate with the special Kähler manifold M f a flat hyper-Kähler manifold of signature (4m, 4m). It admits then a simply transitive group of automorphisms which is a semi-direct product of two vector groups of dimension 4m.
